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Abstract
In this paper we review various aspects of nonperiodic full and tridiagonal Toda ﬂow theory. In particular, we consider gradient
structures in the dynamics and geometry of these systems and we compare and contrast a number of formulations of the nonperiodic
Toda equations. We describe the structure of these systems on general semisimple Lie algebras. In the case of the full Kostant
(asymmetric) Toda ﬂow we describe some of the background behind its integrability and explain the role of noncommutative
integrability in its qualitative behavior. We describe the relationship between the asymmetric Toda ﬂows and the symmetric and
indeﬁnite Toda ﬂows, and show how one may conjugate from the full Kostant Toda ﬂows to the full symmetric Toda ﬂows via a
Poisson map. We describe brieﬂy related Toda systems such as nonabelian Toda, and the peakon ﬂows.
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1. Introduction
In this paper, we review various aspects of nonperiodic full and tridiagonal Toda ﬂow theory. In particular we
consider gradient structures in the dynamics and geometry of these systems and we compare and contrast a number
of formulations of the nonperiodic Toda equations. We describe the structure of these systems on general semisimple
Lie algebras. In the case of the full Kostant (asymmetric) Toda ﬂow we describe some of the background behind its
complete integrability and we explain the role of noncommutative integrability in its qualitative behavior. We describe
the relationship between the asymmetric Toda ﬂows and the symmetric and indeﬁnite Toda ﬂows, and show how one
may conjugate from the full Kostant Toda ﬂows to the full symmetric Toda ﬂows via a Poisson map. We also describe
brieﬂy related Toda systems such as nonabelian Toda and the peakon ﬂows.
The Toda ﬂows have of course generated a tremendous amount of literature. Here we survey a very small part of
this large subject mainly from the point of view of the research background of the authors. Some of the literature cited
below will point the reader to other work in this area. This paper draws on a number of key recent references including
Bloch and Gekhtman [18] and Gekhtman and Shapiro [49].
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Since its introduction in the 1970s there has been an enormous amount of work on the theory of the Toda ﬂows—in its
initial incarnation a series of particles on the line interacting under an exponential potential. This includes the original
work of Toda [82] on the Toda lattice, the work of Flaschka [42] (see also [53]) who showed how to write the lattice
ﬂow in tridiagonal Lax pair form, and the work of Moser [66] who analyzed the ﬁnite nonperiodic Toda lattice and
its spectral properties. Kostant [62] (see also [20]) generalized these results to Toda ﬂows associated with arbitrary
semisimple Lie algebras.
Moser showed that the nonperiodic Toda lattice equations are gradient on a level set of its integrals. Bloch [10] and
Bloch et al. [13] showed that this gradient ﬂow behavior is exhibited in the original Flaschka variables as a gradient
ﬂow with respect to the normal metric on an adjoint orbit of a compact Lie group. This ﬂow takes the so-called double
bracket form. It was also shown (see [10,12]) that the original gradient ﬂow of Moser can be written in double bracket
form as a gradient ﬂow on a projective space. A part of our exposition here involves discussing this gradient structure.
An important aspect of Kostant’s work was that he wrote the Toda lattice in asymmetric tridiagonal form. This turns
out to be more general than the symmetric form used in much of the literature. We describe here how the Kostant
Toda equations may be viewed as a gradient ﬂow and we discuss the relationship of this ﬂow to double bracket ﬂows
on noncompact manifolds. The latter ﬂows are a special case of the Kostant Toda ﬂow and are related to the work of
Faybusovich [39] and Kodama andYe [57,58] on Toda ﬂows with indeﬁnite metric (see also [24]). We shall call ﬂows
of this type “signed” Toda ﬂows since they are deﬁned by prescribing a signature matrix.
We also consider here the full Toda system, i.e. the Toda ﬂows on generic orbits of the coadjoint action of the Borel
subgroup. The key original paper in this area is that of Deift et al. [31] (see also [80]), and this was followed by the
work of Ercolani et al. [36] among others. The work of Gekhtman and Shapiro [49] gave a very general Lie algebraic
treatment of full Toda ﬂows which we discuss only brieﬂy here.
While it is simple to conjugate from the tridiagonal asymmetric to the symmetric Toda form, this is much trickier in
the full case, but we indicate a method for doing this following Bloch and Gekhtman [18].
A recent paper on full symmetric Toda system is that of de Mari and Pedroni [35], which discusses the gradient nature
of these ﬂows. Here we consider their analysis and its relationship with the Hamiltonian structure and level sets of the
ﬂow. We also consider the gradient nature of the non-symmetric Kostant full Toda ﬂow. Again, while this is apparent
from its asymptotic behavior, understanding its geometry is more subtle than the symmetric case. We show that the
gradient-like behavior is in fact essentially due to the noncommutative integrability (see [67]) of the full Toda ﬂow. We
give a sketch of the proof of noncommutative integrability here, and refer the reader to Gekhtman and Shapiro [49],
for further details. We also consider related Toda ﬂow problems—namely nonabelian Toda (see [25,63,44,46,37]) and
the peakon ﬂows (see [26,69,4,5,1], and references therein).
2. The sl(n, R) Toda lattice
In this section we discuss brieﬂy the basics of the sl(n,R) tridiagonal Toda lattice and its physical basis.
We shall describe here the non-periodic ﬁnite Toda lattice as analyzed by Moser [66].
The model consists of n particles moving freely on the x-axis and interacting under an exponential potential. Denote
the position of the kth particle by xk . The Hamiltonian is then given by
H(x, y) = 1
2
n∑
k=1
y2k +
n−1∑
k−1
e(xk−xk+1) .
The associated Hamiltonian equations are
x˙k = H
yk
= yk , (2.1)
y˙k = −H
xk
= exk−1−xk − exk−xk−1 , (2.2)
where we use the convention ex0−x1 = exn−xn+1 = 0, which corresponds to formally setting x0 = −∞
and xn+1 = +∞.
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This system of equations has an extraordinarily rich structure. Part of this is revealed by Flaschka’s observation [42]
that a change of variables enables one to write the equation in Lax pair form as discussed in the previous section. To
achieve this, set
ak = 12 e(xk−xk+1)/2, bk = − 12yk . (2.3)
The equations of motion then become
a˙k = ak(bk+1 − bk), k = 1, . . . , n − 1, (2.4)
b˙k = 2(a2k − a2k−1), k = 1, . . . , n, (2.5)
with the boundary conditions a0 = an = 0 and where the ai > 0. This system can be written in the matrix form
d
dt
L = [B,L] = BL − LB, (2.6)
where
L =
⎛
⎜⎜⎜⎜⎝
b1 a1 0 · · · 0
a1 b2 a2 · · · 0
. . .
bn−1 an−1
0 an−1 bn
⎞
⎟⎟⎟⎟⎠ , B =
⎛
⎜⎜⎜⎜⎝
0 a1 0 · · · 0
−a1 0 a2 · · · 0
. . .
0 an−1
0 −an−1 0
⎞
⎟⎟⎟⎟⎠ .
The Hamiltonian H(x, y), expressed as function of L, becomes H = 12 TrL2.
If O(t) is the orthogonal matrix solving the equation
d
dt
O = BO, O(0) = Identity
then from (2.6), we have
d
dt
(O−1LO) = 0.
Thus O−1LO = L(0), i.e. L(t) is related to L(0) by a similarity transformation and the eigenvalues of L, which are
real and distinct, are preserved along the ﬂow. These eigenvalues provide a complete basis of integrals for the ﬂow.
Another basis for the integrals is given by the powers of L: 12 TrL
k
, with the case k = 2 giving the Hamiltonian. This
system may be viewed as a Hamiltonian system on the dual of the upper triangular (upper Borel) matrices.
To recover the gradient structure described above note that for instance, if N is the matrix diag[1, 2, . . . , n] the Toda
ﬂow (2.6) can be written in the form
L˙ = [L, [L,N ]]. (2.7)
This exhibits the ﬂow in the so-called double bracket form of Brockett [21] (see [11–13]). These equations are in fact
the gradient ﬂow of the function Tr LN with respect to the normal metric, which we describe in a more general context
in Section 3. (The original observation of gradient ﬂow behavior goes back to Moser [66].) From this observation it is
easy to show that the ﬂow tends asymptotically to a diagonal matrix with the eigenvalues of L(0) on the diagonal and
ordered according to magnitude, recovering the observation of Moser, Symes [80] and Deift et al. [34].
In the following sections we shall describe these results in much more generality in the Lie-algebraic setting.
The geometry of the Toda ﬂow is also intimately connected with convex polytopes as described in Bloch et al. [13]
and Bloch et al. [12].
A very important feature of the tridiagonal non-periodic Toda lattice ﬂow is that it can be solved explicitly as follows:
Let the initial data be given by L(0)=L0. Use the Gram–Schmidt process to factorize a symmetric invertible matrix
L as L = k(L)u(L) where k(L) is orthogonal and u(L) is upper triangular.
Then the explicit solution of the Toda ﬂow is given by
L(t) = (Ad k(exp(tL0))L0. (2.8)
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3. The gradient nature of generalized Toda ﬂows
In this sectionwe describe a very general (Hamiltonian) formulation of the Toda ﬂows.We shall then consider various
special cases and discuss their gradient nature as in Bloch and Gekhtman [18].
Let g be a complex semisimple Lie algebra with Cartan subalgebra h= a⊕ ia. Let  denote the system of roots of
g deﬁned by h and let  denote the simple roots. Choose {hj , e|j = 1, . . . , l,  ∈ } to be a Chevalley basis of g with
1, . . . , n denoting the simple roots. Here hj lie in the real part a of h.
Let gn be the normal real form of g and denote by b+ its upper Borel subalgebra. Different types of Toda ﬂows to
be considered below are associated with different realizations of the dual space b∗ as an afﬁne subspace of gn via the
decomposition of gn into the direct sum of subalgebras
gn = g0 + b+. (3.1)
Let g⊥0 be the annihilator of g0 w.r.t the Killing form 〈 , 〉. According to the Adler–Kostant–Symes formalism (see
e.g. [75,70]), one identiﬁes b∗+ with + g⊥0 , where  is a ﬁxed element of b⊥+ ∩ [g0, g0]⊥.
The generalized Toda ﬂow on  + g⊥0 is generated by the Hamiltonian H(L) = 12 〈L,L〉 in the Poisson structure
obtained as a pull-back of the Lie–Poisson bracket on b∗+:
{f1, f2}+g⊥0 (L) = 〈L, [+∇f1(L), +∇f2(L)]〉, (3.2)
where gradients are deﬁned w.r.t. the Killing form and + is a projection on b+ parallel to g0. The corresponding
equations of motion have the Lax form
L˙ = [L, +(L)] = [g0(L), L]. (3.3)
Here g0 = Id−+. More generally, the higher Toda ﬂow generated by the HamiltonianH(L), where H is an invariant
function on g, has the form
L˙ = [L, +(∇H(L))]. (3.4)
The bracket (3.2) can also be obtained as a restriction to  + g⊥0 of the so-called R-matrix bracket (cf. [75]) { , }R
deﬁned by
{f1, f2}R(g) = 〈g, [+∇f1(g), +∇f2(g)] − [g0∇f1(g), g0∇f2(g)]〉. (3.5)
As is well-known (see e.g. [75,43]), Eq. (3.4) can be integrated by means of the factorization method. Furthermore,
let f be a restriction to + g⊥0 of an AdB+ -invariant function on g, where B+ is the upper Borel subgroup. Then f is an
integral of motion of the Toda ﬂow and the Poisson bracket of any two such integrals f1, f2 is given by
{f1, f2}+g⊥0 (L) = 〈L, [∇f1(L),∇f2(L)]〉. (3.6)
In particular, if J is a Chevalley invariant of g, then {J, f }+g⊥0 = 0 for any AdB+ -invariant function f.
The above discussion provides a uniform description of Hamiltonian properties of the Toda ﬂows associated with
any decomposition (3.1). In contrast, when Bloch et al. [12,13] showed that the generalized tridiagonal Toda system
associated with a compact semisimple Lie group describes a gradient ﬂow on level sets of integrals, the result seemed
to be a special feature of the symmetric tridiagonal case. In their paper, De Mari and Pedroni [35] used a modiﬁed
Killing form to construct a positive deﬁnite metric, with respect to which the full generalized symmetric Toda ﬂow is
gradient. One can show however that the gradient structure in Toda ﬂows is even more general and can be observed in
the nonsymmetric case too.
We recall ﬁrstly the corresponding result for the symmetric Toda ﬂow. As we shall see, dealing with the asymmetric
case requires a rather different approach.
Recall the deﬁnition of the normal metric on an orbit of a Lie group (see [9,12,13]):
Let ( , ) = −〈 , 〉 be the Killing form and decompose g orthogonally relative to 〈 , 〉 into g = gL ⊕ gL where gL
is the centralizer of L and gL = Im adL. For X ∈ g denote by XL the projection of X onto gL. Then, given two
tangent vectors to the orbit [L,X] and [L, Y ], the normal metric is deﬁned by 〈[L,X], [L, Y ]〉N = 〈XL, YL〉. Note
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that for an arbitrary semisimple Lie algebra this metric will be indeﬁnite. For an orbit in a compact Lie algebra it will
be deﬁnite.
It was shown in Bloch et al. [12,13] that the following holds: Let gu denote the compact form of a complex semisimple
Lie algebra.
Then
Proposition 3.1. The gradient vector ﬁeld of the functionH(L)= (L,N) on the adjoint orbit O of gu containing the
initial condition L(0) = L0 with respect to the normal metric 〈, 〉N on O is given by
L˙(t) = [L(t), [L(t), N ]]. (3.7)
Now let A be a maximal abelian subalgebra of gu and choose H = A ⊕ iA as the Cartan subalgebra of the
complexiﬁcation g of gu. Choose a Chevalley basis as described above, with j denoting the simple roots as before.
Bloch et al. [12,13] proved the following result for the symmetric tridiagonal generalized Toda ﬂow (see [10]) for
the sl(n) case):
Theorem 3.2. If N is i times the simple coweights of g then for
L =
l∑
j
ibj hj +
l∑
j
iaj (ej + e−j ), (3.8)
Eq. (3.7) gives the generalized (tridiagonal, symmetric) Toda ﬂow equations on the level set of all integrals of the Toda
ﬂow. Explicitly, N is given by
N =
∑
j
ixj hj , (3.9)
where (x1, . . . , xl) is the unique solution of the system∑
j
xji (hj ) = −1, i = 1, . . . , l. (3.10)
In the case of the symmetric full Toda ﬂow Proposition 3.1 and Theorem 3.2 generalize, as shown by De Mari and
Pedroni [35] (see also [22,17] for metrics of this type) to the following:
Proposition 3.3. Let L be given by
L =
l∑
j
ibj hj +
∑
∈
iaj (X + X−), (3.11)
whereX is a root vector with weight  and let N be deﬁned as before. Let J be the symmetric positive deﬁnite operator
that assigns to an element of gu zero if it lies in the Cartan subalgebra corresponding to the given Chevalley basis and
multiplies it by the inverse of its weight otherwise. Then the gradient vector ﬁeld of the functionH(L)=(L,N) on the
adjoint orbit O of gu containing the initial condition L(0) = L0 with respect to the modiﬁed normal metric 〈·, J · 〉N ,
on O is given by
L˙(t) = [L(t), J [L(t), N ]] (3.12)
and gives the full symmetric Toda ﬂow.
The idea of the proof is simply that J “cancels out” the weight assigned by commuting with N.
3.1. The signed Toda lattice
Faybusovich [40] and Kodama andYe [57] considered the signed Toda ﬂows in the form
L˙J = [LJ, s(LJ )], (3.13)
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where L is a tridiagonal or full symmetric matrix and
J = diag(1, . . . , n), i = ±1 (3.14)
is a signature matrix.
Denote
su(J ) = {X ∈ sl(n,C) : JX = −X∗J }, (3.15)
so(J ) = {X ∈ sl(n,R) : JX = −XtJ }, (3.16)
S(J ) = {X ∈ sl(n,R) : JX = X∗J }. (3.17)
It can be easily checked that for L symmetric, LJ ∈ S(J ) and i(LJ − Tr(LJ )Id) ∈ su(J ).
This suggests the following extension of the deﬁnition of the signed Toda ﬂow to an arbitrary semisimple Lie algebra
g. Let g	 be a real form of g that corresponds to the positive eigenspace of an antilinear involutive automorphism 	.
Assume that g	 is compatible with the normal real form gn. Then (see, e.g. [68, Chapter 5])
gn = (gn) ∩ (g	) + (gn) ∩ (ig	).
We assume additionally, that there exists a direct sum decomposition
gn = (gn) ∩ (g	) + b, (3.18)
where b is the upper Borel subalgebra in gn.
Then, we have a decomposition (2.1) with g0 = (gn) ∩ (g	). One can choose  = 0 and consider the corresponding
Toda ﬂow (2.3) on g⊥0 = (gn) ∩ (ig	).
In particular, if we choose 	 to be the unique antilinear involutive automorphism such that
	(ei ) = 
ie−i , 	(e−i ) = 
iei , 	(hi) = −hi , (3.19)
where 
i = ±1, then the ﬂow (2.3) can be restricted to the subspace of “tri-diagonal” elements in (gn) ∩ (ig	) having
the form
L =
l∑
j
bjhj +
l∑
j
aj (ej − 
j e−j ). (3.20)
The projection 	(L) is then determined to be
g0(L) = −
l∑
j
aj (ej + 
j e−j ). (3.21)
We call the corresponding Lax equation (2.3) the generalized signed Toda lattice. Note that if g is sl(n) and 	 is
deﬁned by (2.18) with 
i = −ii+1, then Eq. (2.3) takes the form (2.12).
A direct computation shows that
g0(L) = −i[L,N ],
where N is deﬁned by (2.8), (2.9). Furthermore, it follows from (2.18), (2.19) that iL belongs to g	. Therefore, the
generalized signed Toda lattice can be written in the double bracket form (3.7). Moreover, one can modify the argument
from Bloch et al. [12,13] in order to prove the following analogue of Proposition 3.1 and Theorem 3.2:
Theorem 3.4. The generalized signed Toda lattice describes the gradient ﬂow of the function H(iL) = (iL, N)
on the adjoint orbit O of g	 containing the initial condition iL(0) = iL0 with respect to the (indeﬁnite) normal metric
〈, 〉N on O.
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3.2. The generalized Kostant Toda ﬂow
Following Kostant [62] we now choose in (3.1) g0 to be equal to n, the nilradical of the lower Borel subalgebra, and
=
l∑
j=1
ej . (3.22)
In the case g= sl(n) the afﬁne space + g⊥0 coincides with the set of lower Hessenberg matrices, i.e. matrices of the
form L = bT + , where b is upper triangular and jk = j,k−1.
The corresponding equation (2.3) is called the full Kostant Toda ﬂow and its restriction to the symplectic leaf
containing elements of the form
L =
l∑
j=1
bjhj +
l∑
j=1
ej +
l∑
j=1
aj e−j , (3.23)
where aj = 0, j = 1, . . . , l is called the generalized Kostant Toda lattice.
One can then show that the Kostant Toda lattice equations are gradient onJ, an isospectral orbit of Jacobi elements
through a generic element of the form (2.22).
Let n∗ be the nilradical of the upper Borel subalgebra and let n, n∗ be the projections of g onto n and n∗ in the
decomposition g= n+ h+ n∗. Consider independent invariant polynomials H1, . . . , Hl on g.
It follows from complete integrability (see e.g. [18]) that
Lemma 3.5.
TLJ = span{[L, n∇Hk(L)], k = 1 . . . , l}. (3.24)
We also have
Lemma 3.6. For any two tangent vectors [L, n∇Hm(L)] and [L, n(∇Hn(L)] the normal metric onJ is given by
〈[L, n∇Hm(L)], [L, n(∇Hn(L)]〉N = 〈n∇Hm(L), n∗∇Hm(L)〉. (3.25)
The proof, given in Bloch and Gekhtman [18] involves showing the form above is symmetric. It should be noticed
however that the form (3.25) is, generally speaking, indeﬁnite. It is deﬁnite, however, if L˜ ∈ gn or, in other words, if
aj in (2.3) are all positive.
One can then prove the following:
Theorem 3.7. The Kostant Toda lattice ﬂow XH is a gradient ﬂow on J with respect to the normal metric and the
function F = 〈L,N〉.
We remark that this gives the Kostant Toda lattice ﬂow as a gradient ﬂow on a level set of its integrals with respect to
the normal metric on a coadjoint orbit of the lower Borel algebra. In contrast, the result of Bloch et al. [13] described
above shows that the symmetric Toda lattice ﬂow is gradient on a level set of its integrals with respect to the normal
metric on the compact Lie algebra in which is naturally embedded.
3.3. The full Kostant Toda ﬂows
We can also show that the higher full Kostant Toda ﬂows are gradient in nature.
Consider a manifold On = {Adg : Adg ∈ b∗ + }. It is known [62] that TLOn = {[L, ] :  ∈ n}. In particular,
the higher Kostant Toda ﬂows of the form
L˙ = [L, n∇H(L)], (3.26)
where H(L) is an invariant function on g, are tangent to On.
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We want to ﬁnd a metric B( , ) (possibly indeﬁnite) on On such that the ﬂows (3.26) are gradient with respect
to B( , ).
Let us ﬁx a linear functional  on h and look for a metric deﬁned on TLOn by
B([L, 1], [L, 2]) = (h[BL1, 2])), (3.27)
where BL is a linear operator from n to n∗. We need the following
Lemma 3.8. For invariant functions H1, H2
(h[n∇H1(L), n∗∇H2(L)]) = (h[n∇H2(L), n∗∇H1(L)]). (3.28)
Lemma 3.8 shows that if we deﬁne BL on the subspace V ⊂ n spanned by {n∇H(L) : H is invariant} by
BLn∇H(L) = n∗∇H(L), (3.29)
then Eq. (3.27) deﬁnes a symmetric form on the subspace [L,V ] ⊂ TLOn.
Now consider an arbitrary extension of Bl from V to n, such that the form (3.27) is symmetric and let ∇B be the
gradient with respect to B( , ). Note that if B( , ) is positive deﬁnite on V then the extension can be made positive
deﬁnite too.
Lemma 3.9. Eq. (3.26) describes a gradient ﬂow L˙ = ∇BFH of the function
FH (L) = (h∇H(L)). (3.30)
3.4. Long term existence and blowup
While the symmetric ﬂows are known to have long time existence, it is known that this is not true in general in the
non-symmetric case (either tridiagonal or full). Kodama andYe [57], Brockett and Faybusovich [24], and Faybusovich
[40] for example showed that the signed Toda ﬂows may experience a blow up in a ﬁnite time. On the other hand,
Gekhtman and Shapiro [48] found necessary and sufﬁcient conditions for completeness of the Kostant Toda ﬂows.
Similar conditions may be found for other ﬂows discussed here. For example the result of Gekhtman and Shapiro may
be extended in order to ﬁnd a criterion for solution of signed Toda lattice to be everywhere nonsingular as follows:
Let the signature matrix S be equal to diag(1, . . . , n), i = ±1. Let L in (3.13) be tridiagonal and set D =
diag(d1, . . . , dn)=diag(1, 2a1, 23a1a2, . . . , 1 · · · na0 · · · an). Then L˜=D−1LSD has entries one on its subdiagonal
and the (i, i + 1) entry of L˜ is ii+1a2i .
Let 1 > · · ·> s , sn, be distinct eigenvalues of L(0)S and C(L(0)) be the matrix whose columns constitute a
Jordan basis of the upper triangular Jordan normal form of L(0)S. Then columns of C˜ = D−1C(L(0)) form a Jordan
basis for L˜(0).
Let
i=sign(di(0)).Denote byC1,...ki,...,i+k−1 aminor ofC(L(0)) formed from the kﬁrst columns and the ith,…,i+k−1th
rows. Then one can show that ﬂow (3.13) is complete if and only if
(1) all i (i = 0, . . . , s) are real,
(2) for any k = 1, . . . , n − 1 all numbers 
i · · · 
i+k−1C1...ki...i+k−1 (i = 1, . . . , n − k) are nonzero and have the
same sign.
In the case when blow-ups are present, the Toda ﬂows can be viewed as complete on a properly compactiﬁed
isospectral set of Jacobi elements. Recent papers by Casian and Kodama [27,28] give a detailed description of this
compactiﬁcation in the case of an arbitrary real split simple algebra. It is also worth remarking that the full Kostant
Toda ﬂow in the sl(n) case is the restriction of the LU ﬂow in Deift et al. [32] to a particular Poisson manifold.
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4. The geometry of the full Kostant and symmetric Toda ﬂows
4.1. Complete integrability
When restricted to tridiagonal elements, Toda ﬂows are Liouville completely integrable. The maximal Poisson
commutative family is provided then by Chevalley invariants (eigenvalues or, equivalently, traces of powers of L in the
sl(n) case).
The set of tridiagonal elements can be viewed as the minimal indecomposable symplectic leaf. Deift et al. [31]
addressed the “maximal” case and proved that the symmetric Toda equation is completely integrable on symplectic
leaves containing sufﬁciently generic full matrices L or, in other words, on generic coadjoint orbits. They considered
the minors
Pk() = det(L −  Id)k, k = 0, . . . ,
[
(n − 1)
2
]
, (4.1)
where (M)k is obtained from the matrix M by deleting ﬁrst k rows and last k columns. If L is generic, i.e. if all lower
left k × k minors of L (k = 1, . . . , [n/2] ) are nonzero, then
Pk() = ck(n−2k + I1kn−2k · · · + In−2k,k). (4.2)
The functions Ijk, j = 2, . . . , n − 2k are invariant under the adjoint action of the parabolic subgroup Pk ⊂ SL(n) of
matrices whose strictly lower triangular parts have all zero entries in the ﬁrst k columns and last k rows. This observation
was used inDeift et al. [31] in order to combine an argument similar to one used in the proof of theAdler–Kostant–Symes
theorem with Thimm’s method [81] of construction of involutive families using nested chains of parabolic subalgebras,
and to show that Ijk, k = 0, . . . , [(n − 1)/2], j = 2, . . . , n − 2k form a maximal involutive family of integrals of the
Toda ﬂow, while I1k, k = 0, . . . , [(n − 1)/2] are coadjoint invariants that completely determine the symplectic leaf.
Deﬁnitions and statements of the previous paragraph remain valid without any changes for the case of the Toda
ﬂows on generic coadjoint orbits in + b− even though full symmetric and Kostant-Toda ﬂows are not isomorphic and
exhibit different dynamical behavior. However, regarding complete integrability of the Toda equation, it is the lower
triangular part of L that really matters. Bearing this in mind, we shall restrict ourselves to the Kostant realization of the
Toda ﬂows.
It was observed in Singer [76,77] that if one represents (L)k as a 2 × 2 block matrix
(
Uk
Yk
Xk
Zk
)
, where Xk and Yk are
(n−2k)× (n−2k) and k×k blocks resp., then Ijk, j =2, . . . , n−2k are coefﬁcients of the characteristic polynomial
det(− k) of the Schur complement
k(L) = Xk − UkY−1k Zk (4.3)
of Xk in (L)k . Moreover, it was shown in Singer [76,77] that the k-chop k considered as a map from sl(n) into
sl(n − 2k) is Poisson w.r.t. both the Lie–Poisson bracket on sl(n) and the R-matrix bracket (3.5) whose restriction to
 + b− provides a Poisson structure for the Toda ﬂow. In particular, this gives another proof of the involutivity of Ijk
for j = 1, . . . , n − 2k.
In Arhangelskij [3] it was shown that the generic matrix L can be conjugated by an element b(L) of the upper
triangular group to the following form
Adb(L)L =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
1 ∗ ∗ . . . . . . ∗
0 2 ∗ . . . . . . ∗
...
...
. . .
. . .
. . .
...
0 0
. . .
. . .
...
0 1 0 . . . 2 ∗
1 0 0 . . . 0 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
. (4.4)
Here the only nonzero entries in the lower triangular part of Adb(L)L are units on the anti-diagonal, while the diagonal
part of Adb(L)L is symmetric w.r.t the anti-diagonal. The element b(L) is deﬁned uniquely up to a right multiplication
by an invertible diagonal matrix symmetric w.r.t the anti-diagonal. This ambiguity does not affect values of 1, 2, . . .
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and thus, 1, 2, . . . are coadjoint invariants and (4.4) can be considered as a normal form of a coadjoint orbit through
generic L. Note that the normal form (4.4) can be obtained in several similar steps, the ﬁrst one being a conjugation
with an upper triangular matrix
=
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
11 12 . . . . . . . . . 1n
0 1 0 . . . 0
...
...
...
. . .
. . .
...
...
0 0 0
. . . 0
...
0 0 0 . . . 1 n−1,n
0 0 0 . . . 0 −111
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.5)
where
11 = x1/2n1 ,
in = −xi1/xn1, ni = 11xni/xn1, i = 2, . . . , n − 1,
1n = −
11
x2n1
n−1∑
i=2
xnixi1. (4.6)
Then a direct computation shows that
Ad(L)L =
(1 ∗ ∗
0 1(X) ∗
1 0 1
)
. (4.7)
Thus, the 1-chop 1(L) can be constructed via the adjoint action of the Borel subgroup. This simple observation is
crucial for the generalization of results of Deift et al. [31], Singer [76,77], Ercolani et al. [36] and Li to the general case
of the Toda ﬂows on simple Lie algebras. It suggests that in the general situation one can use the adjoint action of the
Borel subgroup and projection on the subalgebra to construct an analogue of the 1-chop
1 = g′ ◦ Ad (4.8)
as a map from a simple Lie algebra g into its (semi)simple subalgebra g′ in such a way that this map will respect the
Lie–Poisson and R-matrix brackets. Also, as we can see, a successive application of such maps to a generic element of
+ b− allows one to construct a normal form similar to (4.4) and thus to recover the unpublished result by Kostant on
the structure of generic coadjoint orbits.
Note, that functions Ijk deﬁned by (4.1), (4.2) are so-called parabolic Casimirs, i.e. they are AdPk -invariant functions
that depend only on the value of the k-chopk(L) or, in other words, they can be obtained from the Chevalley invariants
of the Levi component of Pk . In the sl(n) case one can restrict oneself to parabolic Casimirs to construct a maximal
involutive family due to the rather accidental fact that the number of independent Chevalley invariants in sl(n) is equal
to the half of the difference between dimensions of generic coadjoint orbits in sl(n) and in the image of the 1-chop,
sl(n − 2). Roughly speaking, this allows one to disregard “stars” in (4.7) and to continue construction of Poisson-
commuting integrals using only 1(L). However, it was pointed out in Ercolani et al. [36] that parabolic Casimirs are
not sufﬁcient to construct a complete system of integrals in G2 case. This prompted Gekhtman and Shapiro [49] to
use in their construction all parabolic invariants rather then only parabolic Casimirs or, equivalently, to use all the data
contained in Ad(X)X before applying g′ in (4.8).
Let us now brieﬂy explain a construction of Gekhtman and Shapiro [49] that allows one to single out from the algebra
of all functions invariant under the adjoint action of the Borel subgroup the maximal system of involutive integrals for
generic Toda ﬂows. First, given a simple Lie algebra g and root vectors em, e−m, where m is the maximal positive root,
we choose g′ to be a (semi)simple subalgebra in g spanned by elements that commute with e±m. Similarly, if g′ is not
simple, passing to its simple components, we deﬁne g2 = (g′)′ etc., obtaining as a result a ﬁnite nested chain of algebras
g ⊃ g1 = g′ ⊃ g2 ⊃ · · · ⊃ gk . (4.9)
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Next, a 1-chop map in the form (4.8) can be constructed. Fix nonzero  ∈ C. For any element g ∈ g such that
〈g, em〉 = 0 (where 〈, 〉 is the Killing form), one can ﬁnd a unique element (g) of the Borel subgroup, such that
Ad(g)g = e−m + P(g),
where P(g) belongs to a subalgebra P+ formed by elements in g annihilated by adem . The 1-chop is then deﬁned by
formula (4.8).
The important property of P+ is that it is a semi-direct sum of g′ and a Heisenberg subalgebra F+ of the Borel
subalgebra. Moreover, adg′ acts on F+ − Cem as a symplectic representation, irreducible if g is not of type An. Thus
the map Ad decomposes into the sum of the 1-chop 1 and the map F1 from g to F+.
In an analogous way, we can deﬁne 1-chops 2, . . . ,k and maps F2, . . . , Fk+1 for suitable elements in g1, . . . , gk .
We call an element g ∈ g generic if superpositions
(j) = j ◦ j−1 ◦ · · · ◦ 1, j = 1, . . . , k,
(k+1) = Fk+1 ◦ (k)
are well deﬁned for g and, since the property of being generic depends only on the “lower triangular” part of g, we call
a coadjoint orbit in + b− generic if it contains a generic element.
As a generalization of the results of Singer [76,77], it was shown in Gekhtman and Shapiro [49] that the 1-chop
1 is Poisson w.r.t. both Lie–Poisson and R-matrix brackets. This fact is crucial for an inductive construction of the
maximal involutive family of integrals of the Toda ﬂow on a generic coadjoint orbit. Since the image of every generic
orbit O in  + b− under the 1-chop contains a generic coadjoint orbit O ′ in ′ + b′− ⊂ g′, this fact allows one to lift
the maximal involutive family f1, . . . , fd; d = 1/2 dimO ′ on O ′, that exists by the induction hypothesis, to a family
of independent Poisson commuting functions on O. Now, the difference between dimensions of O and O ′ is equal to
dim F+ + 1 = 2N + 2. Therefore, one needs N + 1 more commuting integrals in addition to f1 ◦ 1, . . . , fd ◦ 1.
To construct these additional integrals, a method that may be called a nonlinear nongeneric version of the
Manakov–Mischenko–Fomenko shift of argumentmethodwas employed. Namely, one can use the Chevalley invariants
I1, . . . , Ir of g to deﬁne functions
Ii
(
g + 

x−(g)
em
)
= Ii(Ad(g)g + 
em) =
ni∑
j=0
Iij (g)

j , i = 1, . . . r, 
 ∈ C, (4.10)
where
x−(g) = 〈g, em〉〈e−m, em〉
and to show that
• the functions Iij are invariant under the adjoint action of the parabolic subgroup P that stabilizes the weight m;
• all Iij are in involution;
• when restricted to a generic orbit O, the set {Iij } contains exactly N + 1 independent functions, that are also
independent with f1 ◦ 1, . . . , fd ◦ 1.
Since, as follows from the construction of 1, the gradients ∇(f1 ◦ 1), . . . ,∇(fd ◦ 1) belong to the Lie algebra of
P, it drops out from (i) that
{Iij , fp ◦ 1} = 0
and thus, by (ii) and (iii), the complete family of commuting integrals for the generic Toda ﬂow is constructed.
4.2. Poisson maps
We will be mainly concerned in this subsection with the relationship between the full Kostant and full symmetric
(signed) Toda ﬂows in sl(n). As before, for more details we refer to Bloch and Gekhtman [18] and Gekhtman and
Shapiro [49].
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One goal here is to construct a Poisson map from an open subset of  + b− to S(J ) that preserves the Toda ﬂows,
thus answering the question posed in Ercolani et al. [36]. Note that the obvious linear Poisson map coming from the
identiﬁcation + b− ≡ S(J ) ≡ b∗+ does not have the requisite property.
Let L ∈  + b− have distinct eigenvalues 1, . . . , n. Then L = Ad C, where  = diag(1, . . . , n) and C can
be chosen to be in the form C = n v() with n lower triangular unipotent. Here v() is the Vandermonde matrix
corresponding to 1, . . . , n.
Assume now, that 1, . . . , n are real. Let us ﬁx a signature matrix J and a diagonal matrix T (T is independent of
L). We deﬁne an element = (L) of the group of upper triangular matrices by
∗J= C−1∗TJC−1, (4.11)
provided the factorization (4.11) is possible. Denote
L= (L) = Ad L. (4.12)
We can show (see [18])
Theorem 4.1. The image under  of the higher Toda ﬂow (2.4)
L˙ = [(Lk)−, L] (4.13)
on lower Hessenberg matrices is the higher Toda ﬂow L˙= [J (Lk),L] on S(J )= {X ∈ sl(n) : JX =X∗J }, where
J is the projection onto so(J ) along the Borel subalgebra so(J ) of J-orthogonal matrices.
If J = Id and T is an arbitrary diagonal matrix with positive coefﬁcients, then  in (4.11) is always well-deﬁned.
Moreover, in this case the image under  of the ﬂow (4.13) will be the symmetric higher Toda ﬂow which is known
to be complete. Thus one can view the map deﬁned by (4.11), (4.13) as a regularization map: the ﬂow (4.13) with
initial data L0 which a priori can have ﬁnite time blowups is mapped into the complete symmetric ﬂow with initial data
L0 = (L0). Blowups in (4.13) then correspond to the moments of time whenL(t) leaves the image of . Note also
that since  in (4.11), (4.12) is upper triangular,  maps tridiagonal ﬂows into tridiagonal.
We want now to modify the deﬁnition of  by letting the diagonal matrixT depend on L and then see how the resulting
map  behaves with respect to Poisson structures on + b− and S(J ) deﬁned by (3.2).
First, notice that if T depends on L, then a calculation similar to the one in the proof of Theorem 3.1 shows that
Ad+ ˙−1 − 12fT (L) ∈ so(J ), where fT (L) = AdC(T −1T˙ ) commutes withL. Then
L˙= [J (Lk − 12fT (L)),L]. (4.14)
Next, we can easily prove:
Lemma 4.2. Let f1, f2 be restrictions to S(J ) of two AdB+ -invariant functions. Then
{f1, f2}S(J ) ◦ = {f1 ◦ , f2 ◦ }b−+. (4.15)
Let us now consider a particular choice of L-dependent T in (4.11):
T = diag(−11 , . . . , −1n )J , (4.16)
where the functions 1 = 1(L), . . . , n = n(L) are deﬁned as coefﬁcients in the decomposition
((− L)−1)11 =
n∑
j=1
j
− j . (4.17)
In the tridiagonal case 1, . . . , n are the so-called Moser coordinates [66]. Their importance is based on the fact
that the data {1, . . . , n; 1, . . . , n} determines a tridiagonal matrix L uniquely and, moreover,
i , 
i = log
(
i
∏
j =i (i − j )
n
∏
j =n(n − j )
)
, i = 1, . . . , n − 1 (4.18)
provide action-angle variables for the Toda lattice.
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In the general case, i , i = 1, . . . , n − 1 do not form a maximal family of involutive integrals, but it is still true (cf.
[31]) that (4.18) is a set of canonically conjugate functions both on S(J ) and  + b−. Note also that, considered as
functions on sl(n), i are invariant under the adjoint action of SL(n − 1) imbedded into SL(n) as a right lower block.
If L evolves according to L˙ = [(Lk)−, L] then it is known that
˙j (L) = −(kj − (Lk)11)j (L).
It follows that J (fT (L)) = J (AdC(T −1T˙ )) = J (Lk) and therefore,
L˙= [ 12J (Lk)),L].
We have [18]:
Lemma 4.3. If T is given by (4.16) then
j (L) = j (L), j = 1, . . . , n (4.19)
Now we call a matrix M generic if all its k × k left lower minors (k = 1, . . . , [n/2]) are nonzero (cf. [31,36]). We
have the following theorem (in the tridiagonal case this result reduces to the usual conjugation by diagonal matrices of
the Kostant ﬂow to the signed symmetric matrices, which is known to symplectic):
Theorem 4.4. LetT be deﬁned by (4.16) and assume that for genericL0 ∈ +b− the factorization (4.11) is well-deﬁned.
Then in the neighborhood of L0 the map  : + b− → S(J ) is Poisson.
Proof. To prove the statement, it is sufﬁcient to check the identity (4.15) for a ﬁxed given system of coordinate functions
on S(J ). The system we are going to choose can be deﬁned in the same way both for S(J ) and + b−. It will consist
of functions (4.18) and restrictions of AdB+ -invariant functions. This will enable us to use Lemmas 4.2, 4.3 to ﬁnish
the proof. In fact Lemma 4.3 shows that the partial sets of action angle variables (4.18) are the same for L and L.
The same is clearly true for the AdB+ -invariant functions. Below we show that these two sets of coordinates provide a
complete set of coordinates.
For any generic M, there exists an upper-triangular matrix = (M), that
AdM =
[n/2]−1∑
k=0
en−k,k +
[n/2]−1∑
j=0
xj en−j,n−j + U , (4.20)
where U is a strictly upper triangular matrix (see, e.g. [3]).
Recall that symplectic leaves for (3.2) are orbits of the coadjoint action of B+ and that the dimension of the orbit
through a generic element is equal to n(n + 1)/2 − [(n + 1)/2]. If M = L ∈  + b−, the functions xj = xj (L)
are coadjoint invariants of B+. The stabilizer G0 of Ad L under this action of B+ consists of diagonal matrices D,
satisfying djj = dn−j,n−j .
Let U = (uij , i < j). Then the monomials
yi = ui,n−i+1, i = 1, . . . , [n/2], (4.21)
yij = uijuj,n−i+1, i < j <n − i + 1, (4.22)
y′ij = uijun−j+1,n−i+1, i < j , (4.23)
yijk = uijukiuj,n−k+1, i < j, k <min(i, n − j + 1), (4.24)
are invariant under the adjoint action of the stabilizer G0. This means that we can view yi, yij , y′ij , yijk as restrictions
to + b− of AdB+ -invariant functions on sl(n).
In particular, we can choose among these functions n(n−1)/2−[(n+1)/2]+1 independent ones, e.g. yij1, 1< i < j
<n; y1j , j = 2, . . . , n − 1; y′1j , j = 2, . . . , [n/2].
16 A.M. Bloch, M.I. Gekhtman / Journal of Computational and Applied Mathematics 202 (2007) 3–25
For an orbit through L0, which is determined by the ﬁxed values of xj , j = 0, . . . , [n/2], we choose now the system
of coordinate functions

j , j , j = 1, . . . , n − 1,
zk = zk(U), k = 2n + 1, . . . , n(n + 1)/2 − [(n + 1)/2], (4.25)
where zk are independent functions of yi, yij , y′ij , yijk , such that they do not depend on u1j , j = 2, . . . , n. Then
off-diagonal elements of the ﬁrst column ∇zk(L) are all zero and, since 
j are SL(n− 1)-invariant functions, we have
{zk, 
j }+b−(L) = 〈L, [+∇zk(L), +∇
j (L)]〉
= 〈L, [+∇
j (L), −∇zk(L)]〉 = 〈L, [∇
j (L), −∇zk(L)]〉 = 0. (4.26)
Note now that coordinates (4.25) can be deﬁned on S(J ) in absolutely the same way. Furthermore, due to Lemma
4.3 and AdB+ -invariance of j and zk , we have

j ◦ = 
j , j ◦ = j , zk ◦ = zk .
Then the statement of the theorem follows from Lemma 4.2 and the fact, that j , 
j , j =1, . . . , n−1 are canonically
conjugate. 
4.3. Noncommutative integrability
The next issue we would like to address is the interplay between the Hamiltonian and gradient behavior of the
full Toda ﬂows following the analysis of Bloch and Gekhtman [18] and Gekhtman and Shapiro [49]. As explained
above and in Bloch et al. [13], in the tridiagonal symmetric case, we have a gradient ﬂow on the level set of the
integrals, which is diffeomorphic to Rn−1. However, as was shown in Deift et al. [31], level sets of the maximal
Poisson commuting family containing higher Hamiltonians for full symmetric Toda ﬂows in sl(n) are, in general,
cylinders. In principle, this allows quasiperiodic behavior of the higher Toda ﬂows. This possibility, though, is ruled
out by the well-known asymptotic properties of the ﬂows, which do not change with a transition from the tridiagonal
to full case and which are the main reason one might look for a gradient structure in the full symmetric or Kostant
Toda ﬂows.
The key to the explanation of this phenomenon from the Hamiltonian point of view is that there are many distinct
maximal Poisson commutative families for the full Toda ﬂows (this was ﬁrst observed in Ercolani et al. [36] for
the sl(4) case) and that one has to consider the level set of all the integrals. This level set is preserved under all
higher Toda ﬂows and diffeomorphic to Rn−1 due to the noncommutative integrability of the Toda ﬂow on a generic
coadjoint orbit.
Indeed, in the proof of Theorem 4.4 we constructed the family (4.21)–(4.24) of AdB+ -invariant functions whose
restriction to the generic coadjoint orbit in +b− provides a (Poisson-noncommutative) family of independent integrals
for the Toda ﬂow. The number of integrals in this family is equal to the dimension of the orbit minus the rank of sl(n).
Furthermore, the invariant polynomials of L can, from (4.20), be expressed via the integrals (4.21)–(4.24) and are in
involution with any of them. This puts us into the framework of Nehoroshev’s theorem:
Theorem 4.5 (Nehoroshev [67]). If a Hamiltonian system on a 2n-dimensional symplectic manifold possesses 2n− k
independent ﬁrst integrals F1, . . . , F2n−k such that F1, . . . , Fk are in involution with all Fi, i = 1, . . . , 2n − k, then
all trajectories lie on k-dimensional invariant tori or cylinders.
The same phenomenon can be observed for the Toda ﬂow on generic coadjoint orbits in an arbitrary semisimple Lie
algebra g. Indeed, it follows from unpublished results by Kostant on the structure of generic coadjoint orbits, that any
generic element in + b− can be brought to a normal form analogous to (4.20). Namely, letM= {1, . . . , r} be the
maximal set of strongly orthogonal positive roots, i.e. maximal subset of positive roots, such that for any two roots in
it neither their sum nor their difference is a root. A description of M via the Kostant’s “cascade construction” can be
found, e.g. in Lipsman and Wolf [65].
Let OL be a generic coadjoint orbit O through L ∈ + b−. Then the following result is true
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Theorem 4.6 (Kostant [61,62]). Let h0 be an orthogonal complement in h to Span{[e−, e],  ∈ M}. If L ∈ + b−
is generic then there exists a unique element h0 ∈ h0 such that
L0 =
r∑
i=1
e−i + h0 +  ∈ OL. (4.27)
The codimension of OL in + b− is equal to the dimension of the stabilizer of L0 and is l − r .
This theorem allows us to establish noncommutative integrability of the Toda ﬂows on generic coadjoint orbits,
which, in turn, makes Nehoroshev’s theorem applicable in this case.
Theorem 4.7. The Poisson subalgebra of ﬁrst integrals of the Toda ﬂow on OL is generated by restrictions to OL of
AdB+ -invariant functions on g and has functional dimension dimOL − l. Its center is generated by restrictions of the
Chevalley invariants of g.
Details of the proof can be found in Gekhtman and Shapiro [49]. Parallel results in the context of Toda-like ﬂows
in standard Poisson-Lie groups were obtained in Reshetikhin [73] where noncommutative integrability of the ﬂows on
an arbitrary symplectic leaf was established.
To conclude this section, we compare the behavior of the full Kostant Toda ﬂows with that of more general Toda
ﬂows deﬁned on the whole space of n× n matrices, namely, the QR-ﬂows that were extensively studied and shown to
be completely integrable by Deift et al. [32]. The evolution in this case is given by the Lax equation
M˙ = [M,M− − MT−], (4.28)
where M− is a strictly lower triangular part of M. Note that we have applied a transposition to the equation originally
considered in Deift et al. [32].
It is known that if the initial data M(0) belongs to the open set of elements with distinct real eigenvalues in the
space of real n × n matrices, then as t tends to ∞, M(t) tends to an upper triangular matrix with diagonal entries
arranged in ascending order. This (a) indicates a gradient-like behavior and (b) suggests that as in the case of full
Kostant Toda ﬂows, invariant manifolds have dimension (n − 1) which is much smaller then half the dimension of a
generic symplectic leaf, equal in this case to n(n− 1). Recall that the maximal Poisson commuting family constructed
in Deift et al. [32] contains two subfamilies of integrals: one coincides with the maximal family of B-invariant Poisson
commuting integrals for the generic symmetric or Kostant Toda ﬂow and the other consists of functions invariant under
the conjugation by elements of the orthogonal group. Elements of the latter subfamily generate periodic ﬂows.
Our ﬁrst remark here is that, as in Eqs. (4.11) and (4.12), the ﬂows of (4.28) can be conjugated to, generally
speaking, linear combinations of higher symmetric Toda ﬂows. We shall not discuss here how to make the conjugation
map Poisson, but limit ourselves to establishing noncommutative integrability of (4.28).
Theorem 4.8. The Poisson subalgebra of ﬁrst integrals of the Toda ﬂow (4.28) on generic symplectic leaves has
functional dimension (n − 1)2. Its center is generated by the Chevalley invariants of Tr(M2), . . . ,Tr(Mn).
Proof. We refer to Deift et al. [32] for the fact that if a function f1 (respectively f2) is invariant under the conjugation
by elements of the upper triangular (resp. orthogonal) group, then f1 and f2 are in involution and both f1 and f2 are
in involution with any Chevalley invariant.
Let A1 (resp. A2) denote the subalgebra of functions on gl(n) invariant under the conjugation by elements of the
upper triangular (resp. orthogonal) group. We refer to Deift et al. [32] for the fact that if f1 ∈ A1 and f2 ∈ A2 then f1
and f2 are in involution and both f1 and f2 are in involution with any Chevalley invariant. Note also that the family of
independent Casimir functions that deﬁnes generic symplectic leaves belongs to A1 +A2.
Thus, it is sufﬁcient to show that the functional dimension of the subalgebra of functions on gl(n) generated by
A1,A2 is n2 − n. By Theorem 4.7, A1 is generated by n(n − 1)/2 integrals and Casimirs. On the other hand, A2 is
generated by matrix elements of the upper triangular factorU in the Schur decompositionM=OUOT, so its functional
dimension is n(n + 1)/2. Since A1 ∩ A2 is generated by the Casimir function Tr(M) and the Chevalley invariants
Tr(M2), . . . ,Tr(Mn), the statement follows. 
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5. Convex polytopes
The geometry of convex polytopes has been very useful for understanding the qualitative behavior of the Toda ﬂows.
We describe this only very brieﬂy here as a summary of many of the results and their connection with Toda may be
found in Bloch and Ratiu [19].
van Moerbeke [84] and Deift et al. [34] observed that an isospectral manifold of Jacobi (symmetric, tridiagonal)
matrices with nonnegative off diagonal elements, i.e. a Toda orbit, is homeomorphic to a convex polytope.
In the ﬁrst instance one can show (see [13]) that the equilibria of the double bracket ﬂow L˙ = [L, [L,N ]] lie at the
vertices of a convex polytopes and the diagonal entries of L ﬂow in the interior of the polytope.
The last result follows from the classical Schur-Horn theorem [54,85] which has a beautiful Lie algebraic general-
ization due to Kostant [61] and which generalizes to the convexity of the momentum map (see [2,52]).
We recall the Schur–Horn theorem:
Theorem 5.1. Let A be a Hermitian matrix with diagonal entries 
 = (
1, . . . , 
n) where 
1
2 · · · 
n and
eigenvalues = (1, . . . , n) similarly ordered. Let the symmetric group act on  by permuting the eigenvalues. Then

 lies in the convex hull of these permutations. Further given any element in this convex hull there exists a Hermitian
matrix with eigenvalues  and the given element as diagonal entries.
The observation above clearly follows from this result, since the ﬂow is isospectral and its equilibria occur precisely
when L and N commute. It must therefore have n! equilibria which coincide the vertices of the Schur–Horn polytope.
In addition, since the ﬂow is the gradient ﬂow of Tr LN, we see that the ﬂow carries out a linear programming problem:
minimizing this function over the Schur-Horn polytope.
The generalization of these ideas to arbitrary compact Lie algebras can be found in Bloch et al. [12]. One can also
prove a nontrivial convexity result for tridiagonal matrices which considerably strengthens the picture above by using
the theory of themomentummap for Kählermanifolds (see [2]). In Bloch et al. [15] we showed in fact that an isospectral
set of tridiagonal symmetric matrices can be mapped in a 1–1 fashion onto a convex polytope via the momentum map.
This work uses the integrability of the ﬂow in a nontrivial fashion.
Polytopes are also useful in considering the tridiagonal ﬂows where the off-diagonal elements are not taken to be
positive. Tomei [83] considered the manifold formed when one allows the off diagonal elements of the Jacobi matrices
to change sign, but nonetheless requires the matrix remain symmetric. In other words, Tomei analyzed the topology of
the set of real symmetric tridiagonal matrices with ﬁxed eigenvalues. This turns out to be a smooth orientable manifold,
but one that is closely related to a manifold formed by “glueing” polytopes of the type described above together. In fact
this manifold (call it M1,2...n ) turns out to be a “small cover” of a permutohedron Pn in the sense of Davis [29] and
Davis and Januszkiewicz [30]. Kodama andYe [59] and Casian and Kodama [27,28] carried out a similar construction,
but using a glueing rule derived from the indeﬁnite Toda ﬂows. The idea is to glue together isopectral sets of Jacobi
matrices of ﬁxed signature, and to use the dynamics of ﬂows to give the glueing rule.
6. Related ﬁnite models
In this section we would like to explain that the tridiagonal Toda lattice is but one of the many important ﬁnite-
dimensional integrable systems that are “contained” in the full Toda ﬂows. A study of low dimensional subsystems of
the full Toda ﬂows was ﬁrst carried out in Goodman and Wallach [50] and Kamalin and Perelomov [55]. The emphasis
there was on so-called elementary Toda orbits that were deﬁned as symplectic leaves of the underlying Poisson structure
whose dimension is equal to twice the rank of the corresponding Lie algebra g. In particular, classiﬁcation of the special
kind of elementary Toda orbits (co-adjoint orbits that contain a root vector of the corresponding Lie algebra) was given.
One example of such an orbit in the context of the full Kostant–Toda ﬂows on Hessenberg matrices in sl(n) is the
orbit containing the minimal root vector, an elementary matrix en1 ( or a translation of this orbit by a scalar, if one
prefers to work in gl(n)). It turns out that after an appropriate (and quite natural) change of coordinates deﬁned almost
everywhere on this orbit, equations of the Toda ﬂows become those of the relativistic Toda lattice.Yet another change of
coordinates leads to equations of the ﬁnite nonperiodic Ablowitz–Ladik hierarchy. The similarity between the standard
and relativistic Toda lattices was observed in Suris [78], while relationships between the latter and theAblowitz–Ladik
hierarchy were explored in Kharchev et al. [56]. In Faybusovich and Gekhtman [41], it was shown that the theory of
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the full Kostant–Toda ﬂows in sl(n) provides a natural framework in which one can study bi-Hamiltonian structure
and Bäcklund transformations for the integrable hierarchies mentioned above. Moreover, the family of elementary
Toda orbits that in a sense, interpolates between the usual and relativistic Toda orbits was constructed. Each of these
orbits was equipped with two alternative systems of Darboux coordinates, in which the Toda Hamiltonian becomes a
classical Hamiltonian quadratic in momenta. Another system of coordinates transforms the Toda ﬂow on such orbit
into a particular case of the constrained KP lattice introduced and discretized in Suris [79].
If realised in the framework of the symmetric full Toda ﬂows, the same coadjoint orbit that in the Kostant–Toda
case gives rise to the relativistic Toda lattice, leads to another important ﬁnite-dimensional model, the peakons lattice,
that describes dynamics of peaks of certain class of solutions of the Camassa–Holm (shallow water) equation. The
Hamiltonian of this system has a form
H(p, q) = 1
2
n∑
i=1
p2i +
∑
1 i<jn
pipj exp(qj − qi), (6.1)
where we assume that particles qi are ordered as follows: q1 >q2 > · · ·>qn. The fact that the peakons lattice can be
realized as a special case of the Toda ﬂows in gl(n) was discovered in Ragnisco and Bruschi [69]. They observed that
(6.1) possesses a Lax representation with the Lax matrix
L = L(p, q) =
n∑
i=1
pieii +
∑
1 i<jn
√
pipj exp
(
1
2
(qj − qi)
)
(eij + eji). (6.2)
A linearization of the peakons lattice was performed in Beals, Sattinger, and Szmigielski [86].
It can be shown that elements of the form (6.2) belong to translations by scalars of the coadjoint orbit via the minimal
root vector realized in the space of symmetric matrices. Moreover, as was pointed out in Faybusovich and Gekhtman
[41], the transformation (4.12) actually maps the relativistic Toda lattice into the peakons lattice. It is natural to ask
what kind of Hamiltonian systems are associated with similar orbits in other simple Lie algebras. Note that, in this case,
the dimension of the orbit through the minimal root vector can be larger than twice the rank of the algebra and one may
need more than Chevalley invariants to establish complete integrability. However, one can utilize the construction of
Gekhtman and Shapiro [48], which was done inAlber et al. [1]. In order to present these results, we need the following
deﬁnitions introduced in Gekhtman and Shapiro [48]. Let m be the maximal positive root and
hm = [em, e−m]. (6.3)
Deﬁne
g′ = Keradem ∩ Kerade−m ,
F± = Span{e :  ∈ ± and (m, ) = 0},
F˜± = Span{F±, hm},
V± = F± − R〈e−m〉. (6.4)
Then g′ is a semisimple subalgebra of g and F± is a Heisenberg subalgebra of g, i.e. V± is spanned by root vectors
e±i , e±m∓i , i = 1, . . . , N , such that
[e±i , e±j ] = [e±m∓i , e−±m−∓j ] = [e±m, e±i ] = [e±m, e±m∓i ] = 0, [e±i , e±m∓j ] = ciji e±m, (6.5)
where ci are some positive constants. Note also that
[hm, e−i ] = −e−i , [hm, e−m+i ] = −e−m+i , [hm, e±m] = ±2e±m. (6.6)
Therefore (3.2) and (6.6) yield the following Poisson brackets
{y0, x0}S = x0, {y0, xi}S = 12xi, {y0, yi}S = 12yi, {yi, xi}S = 12x0, i = 1, . . . N (6.7)
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for the linear functions
xi = 〈L, ei 〉, yi =
1
ci
〈L, em−i 〉, x0 = 〈L, em〉, y0 = 〈L, hm〉. (6.8)
All other brackets between functions (6.8) are zero.
Let h0 ∈ h be orthogonal to hm w.r.t the Killing form and let Om,h0 be the coadjoint orbit of B+ through (e−m +
h0 + em).
Theorem 6.1. Om,h0 can be parametrized by elements of F˜−:
Om,h0 =
{
L = h0 + S
(
− 1
2x()
[ademv(), v()]
)
:  ∈ F˜−, x()> 0
}
, (6.9)
where element  ∈ F˜− is decomposed as
= x()e−m + y()hm + v(),
and v() ∈ V−.
The Toda ﬂow is completely integrable on Om,h0 with a maximal family of functions in involution given by the
coefﬁcients of polynomials
Ij
(
L + 
x()
em
)
=
∑
k
Ijk(L)
k, j = 1, . . . r , (6.10)
where Ij are the Chevalley invariants of g.
It follows fromTheorem 6.1 that for constructing Darboux coordinates onOm,h0 , it is sufﬁcient to construct Darboux
coordinates for a rather simple Poisson algebra generated by (6.7). One of the possible choices of Darboux coordinates
is
q0 = x0, p0 = −y0
x0
, qi = xi√2x0 , pi =
yi√
2x0
. (6.11)
Now we describe orbits (6.9) and associated quadratic Hamiltonians for classical Lie algebras and for the exceptional
algebra G2. The ﬁrst example demonstrates the connection with the peakons lattice.
Example 1. Let g= sl(n). Then em = E1n, e−m = En1, hm = E11 − Enn,
F˜ =
{
=
[
y 0 0
v1 0 0
x vT2 −y
]
: x, y ∈ R, v1, v2 ∈ Rn−2
}
.
Since Tr(L) is invariant under the coadjoint action, we can deﬁne S to be the space of all symmetric matrices, not
necessarily with zero trace. One can choose h0 to be any diagonal matrix of the form h0 = diag(, d, ), where d is a
(n − 2) × (n − 2) diagonal matrix. It follows from (6.9) that
Om,h0 =
{
L =
[
y +  vT1 x
v1 d + S(x−1v1vT2 ) v2
x vT2 − y
]
: x > 0, y ∈ R, v1, v2 ∈ Rn−2
}
. (6.12)
If d = 0, an open set {−<y < ; v1i > 0, v2i > 0, i = 1, . . . , n − 2} ⊂ Om,h0 admits Darboux coordinates pi and
qi deﬁned as follows:
p1 = y + , pn = − y, pi+1 = v1iv2i
x
, i = 1, . . . , n − 2,
and
exp(qn − q1) = x
2
2 − y2 , exp(qi − q1) =
xv1i
(y + )v2i , i = 2, . . . , n − 1.
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With this parametrization the matrix L in (6.12) coincides with the Lax matrix (6.2). Note that p1 +· · ·+pn = const on
Om,h0 and that coordinates qi are deﬁned only up to a translation. Note that a different choice of Darboux coordinates for
Om,0 was proposed in Kamalin and Perelomov [55] as an example of the general construction of canonical coordinates
on coadjoint orbits.
Example 2. Let g be an exceptional algebra of type G2. Denote the short and long simple roots of g by 1, 2 resp.,
and root vector corresponding to a negative root =−(i1 + j2) by eij . Then F is spanned by vectors e−m = e32 and
ei1, i = 1, . . . , 4. Thus, for any h0 the orbit Om,h0 is 6-dimensional, while there are only two independent Chevalley
invariants. This illustrates the necessity of using functions (6.10) to establish complete integrability.
Put h0 = 0 and choose Darboux coordinates qi, pi for Poisson algebra (6.7) with N = 3 in the form:
q1 = x0, p1 = −y0
x0
, q2 = − x13√x0 , p2 =
6y1√
x0
, q3 = − y2√
x0
, p3 = − 2x2√
x0
.
Then Theorem 2.1 gives the following integrable polynomial Hamiltonian quadratic in momenta:
H(p, q) = 1
12
(p3q2 + 6q23 )2 +
1
8
(p3q3 + p2q2)2 + q112 (p
2
3 + 12p22 + 3p21) + q21 + 3q23q1 + 3q43 . (6.13)
Example 3. Series B and D can be treated simultaneously. We think of corresponding algebras as subalgebras of
matrices in sl(n + 1) skew-symmetric w.r.t. the antidiagonal. Then the element em is represented by a matrix with the
right upper 2 × 2 corner equal to
(
1
0
0
−1
)
and all other entries are zero, e−m is represented by the transpose of em.
Elements of F˜− can be conveniently parametrized as
=
⎡
⎢⎢⎢⎣
y 0 0 0 0
0 y 0 0 0
u Jv 0 0 0
x 0 −vT −y 0
0 −x −uTJ 0 −y
⎤
⎥⎥⎥⎦ , (6.14)
where x > 0, y ∈ R, u = (ui) and v = (vi) are (column) vectors in Rn−1 and J is a permutation matrix whose only
nonzero elements are 1s along the antidiagonal.
After substituting 2Trace(··) for 〈·, ·〉 in (3.5), we obtain the following Poisson brackets for x, y, ui, vj :
{y, x} = x, {y, ui} = 12ui, {y, vi} = 12vi, {ui, vj } = ji x,
so that Darboux coordinates can be chosen as follows:
q0 = x0, p0 = −y
x
, qi = ui√
x
, pi = vi√
x
. (6.15)
Let h0 in Theorem 6.1 be zero. Then, by virtue of (6.9), (6.15), the Toda Hamiltonian H(L) is a constant multiple of
H(p, q) = 4q20 + 2(p0q0)2 + 4q0
n−1∑
i=1
(p2i + q2i ) +
(
n−1∑
i=1
piqi
)2
+
(
n−1∑
i=1
qn−iqi
)2
+
n−1∑
i=1
(piqi − pn−iqn−i )2 + 2
∑
1 i<jn−1
(piqj − qn−ipn−j )2. (6.16)
Example 4. Let J be an n × n permutation matrix deﬁned as in the previous example. For any matrix X denote
X∧ = JXJ . We represent elements of the algebra Cn by 2 × 2 block matrices
[
X
Z
Y
−X∧
]
with n × n blocks, such that
Y∧ = Y,Z∧ =Z ( in other words,Y and Z are symmetric w.r.t. the antidiagonal). Then em (resp. e−m) is an elementary
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matrix whose only nonzero element is 1 in the upper right (resp. lower left) corner and elements of F˜− are given by
=
⎡
⎢⎣
y 0 0 0
u 0 0 0
Jv 0 0 0
x vT −uTJ −y
⎤
⎥⎦ , (6.17)
where u, v ∈ Rn.
Once again, we replace the form 〈·, ·〉 in (3.5) by 2 Trace(··). Then functions
q0 =
√
x, p0 = − y√
x
, qi = vi√
x
, pi = − ui√
x
(6.18)
can be chosen as Darboux coordinates on Om,h0 . Setting h0 = 0, one obtains the following expression for the Toda
Hamiltonian, which coincides with the one contained in Kamalin and Perelomov [55]
H(p, q) =
(
n−1∑
i=0
q2i
)2
+
n−1∑
i=0
p2i q
2
i + 2
∑
0 i<jn−1
q2i p
2
j . (6.19)
7. Nonabelian Toda lattice
The nonabelian Toda lattice
A˙k = Bk+1Ak − AkBk ,
B˙k = Ak − Ak−1, (7.1)
where Ak,Bk are n× n matrices and Ak are invertible, was introduced by Polyakov as a discretization of the principal
chiral ﬁeld equation. In the doubly-inﬁnite case for a suitable class of initial data it was solved via the inverse scattering
method in Bruschi et al. [25]. Krichever [63] found the solution in theta-functions for the periodic nonabelian Toda
lattice. In this case the complete integrability in the Liouville sense was also established (see [75]). The direct and
inverse spectral problemsdeveloped inBerezansky [6] for second-order self-adjoint difference expressionswith operator
coefﬁcients were used in Berezansky and Gekhtman [8] to extend the method proposed in Berezansky [7] for solving
semi-inﬁnite scalar Toda lattice to the case of nonabelian equations like (7.1) associated with semi-inﬁnite self-adjoint
Jacobimatrices with operator coefﬁcients.A generalization of the inverse spectral problem to the case of non-symmetric
difference operators with operator coefﬁcients was applied in Gekhtman [44–46] to integrate the nonabelianToda lattice
and some of its reductions in the semi-inﬁnite and ﬁnite non-periodic cases.Another approach, based on a factorization
of ordinary differential operators with noncommuting coefﬁcients, was applied in Etingof et al. [37] to integrate both
the ﬁnite nonabelian Toda lattice and its two-dimensional generalization. Related analysis can be found in Razumov
and Saveliev [72]. Qualititative dynamics of the nonabelian Toda ﬂows and their relationships with gradient ﬂows are
discussed in Koelling et al. [60].
Let 1 be the n × n identity matrix. The treatment of (7.1) is based on its Lax representation
L˙ = [L,L−], (7.2)
where in the ﬁnite non-periodic case with which we shall be concerned, L is a block tri-diagonal matrix
L =
⎛
⎜⎜⎜⎝
B0 1 0
A0
. . .
. . .
. . .
. . . 1
0 AN−1 BN
⎞
⎟⎟⎟⎠ (7.3)
and L− is its block lower triangular part. In (7.1) this corresponds to letting k run from 0 to N and setting boundary
conditions A−1 = AN = 0.
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As was shown in Gekhtman [44–46], the inverse problem method for solving (7.2) as well as the establishment of
its Liouville integrability is based upon a study of the n × n matrix rational function
M() = T0 (L − 1)−10 = P−1()Q() = Q˜()P˜−1() (7.4)
that determines L uniquely. Here 0 is the n(N + 1) × n matrix 0 = col[1, 0, . . . , 0], P() = N+11 + · · · ,Q() =
N1 + · · · , P˜ () = N+11 + · · · , Q˜() = N1 + · · · are n × n matrix polynomials.
The Hamiltonian description of (7.2) was ﬁrst given in Reyman [74] in terms of the Hamiltonian reduction. This
description can be derived from the bracket (3.2) if one replaces b+ and g0 in the decomposition (3.1) with subalgebras
of block upper triangular and strictly block lower triangular matrices with n×n blocks resp. Generic symplectic leaves
of the afﬁne space of matrices of the form (7.3) w.r.t. the corresponding Poisson structure are described by conditions
•
Aj , j = 0, . . . , N − 1 are invertible.
• the matrix
L = B0 + A−10 B1A0 + · · · + A−10 · · ·A−1N−1BNAN−1 · · ·A0
has distinct eigenvalues.
It was shown in Gekhtman [47] that each such symplectic leaf has a dimension 2Nn2 + n(n − 1) and is uniquely
determined by eigenvalues of L.
Then the induced Poisson brackets for matrix elements of rational matrix functions (7.4) are given by
{M()⊗, M(
)} = 1
− 
 (M() − M(
)) ⊗ (M() − M(
))P
+ (M()M(
) ⊗ M(
) − M() ⊗ M(
)M())P, (7.5)
HereP is the permutation operator inCn⊗Cn : P(x⊗y)=y⊗x and we use the tensor notations for Poisson brackets
of matrix elements of matrix-valued functions (see [38, chapter 3, Section 1]): for n × n matrices A and B, {A⊗, B} is
deﬁned by
{A⊗, B}ij ,i′j ′ = {Aii′ , Bjj ′ }.
The bracket (7.5) was used in Gekhtman [47] to construct a maximal family of Poisson-commuting independent
integrals of the nonabelian Toda lattice, where it was shown that for a generic constant matrix C coefﬁcients of the
polynomials det(CP () + z1) and det(P˜ () + z1) Poisson commute and precisely Nn2 + n(n − 1)/2 of them are
independent as functions deﬁned on a generic symplectic leaf in the space of matrices of the form (7.3).
8. Concluding remarks
We have barely touched on the large and beautiful subject of Toda ﬂow theory and have omitted mention of many
interesting topics in this area. We hope the reader will explore other avenues some of which were hinted at in the text
and/or can be found in the references.
We do mention, however, a couple of related areas of interest to the authors.
The full Toda ﬂow has an interesting derivation and analysis from the point of view of optimal control theory, see
Faybusovich [39] and Bloch and Crouch [14].
An inﬁnite dispersionsless limit of the Toda lattice has a beautiful theory associated with it that in many ways mirrors
the ﬁnite-dimensional setting even though it is described by set of hyperbolic PDE’s, see Brockett and Bloch [23], Bloch
et al. [16,17], Deift and McLaughlin [33]. Related inﬁnite ﬂows are discussed for example in Leznov and Saveliev
[64] and Guest [51] as well as other aspects of ﬁnite Toda. Finally, for a discussion of the differential geometry of the
Toda-type systems, we refer the reader to the book of Saveliev and Razumov [71,72].
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